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Abstract 

We classify the connected 3-dimensional differentiable Bol loops 
L having a solvable Lie group as the group topologically generated 
by the left translations of L using 3-dimensional solvable Lie triple 
systems. Together with [1] our results complete the classification of all 
3-dimensional differentiable Bol loops. 

2000 Mathematics Subject Classification: 22A30, 20N05, 53C30, 53C35. 

Key words and phrases: differentiable Bol loops, Lie triple systems, Bol algebras, envelop¬ 
ing algebras, homogeneous manifolds. 

Thanks: This paper has been supported by DA AD. 


1 Introduction 

The present research on differentiable loops is focused to such loops which 
have local forms determined in a unique way by their tangential objects. 
The most important and most studied class of differentiable loops are the 
Bol loops. Their tangential objects, the Bol algebras, may be seen as Lie 
triple systems with an additional binary operation (cf. [IS] pp. 84-86, Def. 
6.10). As known the Lie triple systems are in one-to-one correspondence to 
(global) simply connected symmetric spaces (cf. [TU|, [IS] Section 6). Hence 
there is a strong connection between the theory of differentiable Bol loops 
and the theory of symmetric spaces. In particular the theory of connected 
differentiable Bruck loops (which form a subclass of the class of Bol loops) 
is essentially the theory of affine symmetric spaces (cf. |15j Section 11). 

The 2-dimensional differentiable Bol loops are classified in [IS] (Sec¬ 
tion 25). My goal is to classify differentiable multiplications satisfying the 
left Bol identity on 3-dimensional connected manifolds since these manifolds 
also play an exceptional role. 

The 3-dimensional differentiable Bol loops having a non-solvable Lie 
group as the group topologically generated by the left translations have 
been determined in [4]. In this paper I classify all 3-dimensional connected 
differentiable (global) Bol loops in which the left translations generate a 
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solvable Lie group. Since for differentiable Bol loops the group topologically 
generated by the left translations is always a Lie group with the results 
of this paper the classification of 3-dimensional differentiable Bol loops is 
complete. 

We treat the differentiable Bol loops as images of global differentiable 
sections a : G/H —)■ G, where G is a connected Lie group, H is a closed 
subgroup containing no non-trivial normal subgroup of G and for all r,s £ 
a{G/H) the element rsr lies in a{G/H). In this treatment the exponential 
images of Lie triple systems form local Bol loops. Hence for the classification 
of 3-dimensional differentiable Bol loops L having a solvable Lie group G 
as the group topologically generated by the left translations we proceed in 
the following way: First we determine all solvable 3-dimensional Lie triple 
systems m and all enveloping Lie algebras g of m. We show that g and 
therefore the solvable Lie group G topologically generated by the left trans¬ 
lations of a differentiable Bol loop has dimension four or five. Then we find 
for any pair (g, m) all subalgebras h containing no non-trivial ideal of g such 
that g = m 0 h and we prove that global Bol loops L correspond precisely 
to those exponential images of m, which form a system of representatives 
for the cosets of exp h in G. 

If the group G is nilpotent then G is the 4-dimensional non-decompo- 
sable nilpotent Lie group and the corresponding 3-dimensional Bol loops 
form only one isotopism class containing precisely two isomorphism classes 
(Theorem 4, Section 5.1). 

If the solvable Lie group G is 4-dimensional and not nilpotent then it is a 
central extension of a 1-dimensional Lie group N either by the 3-dimensional 
solvable Lie group Gi with precisely two 1-dimensional normal subgroups or 
by the direct product G 2 of M and the 2-dimensional non-abelian Lie group. 
All loops L corresponding to the extensions of N by Gi are extensions of 

by a loop isotopic to the pseudo-euclidean plane loop (Theorem 6 in 
Section 5.2 and Theorem 9 in Section 5.3). The 3-dimensional Bol loops 
having the central extension of M by G 2 as the group topologically generated 
by their left translations are all isomorphic (Theorem 6 in Section 5.2). 

If the solvable Lie group G is 5-dimensional then it is either a semidirect 
product G of by the group S' = M such that either no element of S 
different from the identity has a real eigenvalue in or such that G has 
a 1-dimensional centre and precisely two 1-dimensional non-central normal 
subgroups. We prove that for both groups G there exist infinitely many non¬ 
isotopic 3-dimensional differentiable Bol loops corresponding to G (Theorem 
7 in Section 5.2 and Theorem 11 in Section 6). 

The variety of the 3-dimensional differentiable Bol loops having a solv¬ 
able Lie group as the group topologically generated by their left translations 
contains families of loops depending on up to four real parameters. The size 
of this variety is so enormous that a classification of 4-dimensional differen¬ 
tiable Bol loops having a solvable Lie group as the group generated by the 
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left translations seems to be not attainable. 


2 Some basic notions of the theory of Bol loops 

A set L with a binary operation {x,y) x ■ y is called a loop if there exists 
an element e G L such that x = e ■ x = x ■ e holds for all x G L and the 
equations a-y = b and x - a = b have precisely one solution which we denote 
hy y = a\b and x = bja. The left translation Xa : y a ■ y : L ^ L is a 
bijection of L for any a & L. Two loops (Ti, o) and (L 2 , *) are called isotopic 
if there are three bijections a,/?, 7 : Li —>■ L 2 such that a{x)*l3{y) = y{xoy) 
holds for any x,y G Li- Isotopy is an equivalence relation. If a = /3 = 7 
then the isotopic loops (Ti,o) and (T 2 ,*) are called isomorphic. Let (Li,-) 
and (L 2 , *) be two loops. The set L = Li x L 2 = {(a, 6) | o G Li, 6 G L 2 } 
with the componentwise multiplication is again a loop, which is called the 
direct product of Li and L 2 , and the loops (Li, •), (L 2 , *) are subloops of L. 

A loop L is called a Bol loop if for any two left translations Xa , Af, the 
product XaXbXa is again a left translation of L. If Li and L 2 are Bol loops, 
then the direct product Li x L 2 is again a Bol loop. 

If the elements of L are points of a differentiable manifold and the opera¬ 
tions (x, y) ^ x-y, (x, y) x/y, (x, y) x\y : Lx L ^ L are differentiable 
mappings then L is called a differentiable loop. 

If L is a connected differentiable Bol loop then the group G topologically 
generated by the left translations is a connected Lie group (cf. [15], p. 33; 
mi, pp. 414-416). 

Every connected differentiable Bol loop is isomorphic to a loop L real¬ 
ized on the factor space G/H, where G is a connected Lie group, H is a 
connected closed subgroup containing no normal subgroup 7 ^ { 1 } of G and 
a : G/H —>■ G is a differentiable section with (t{H) = 1 G G such that the 
subset a{G/H) generates G and for all r, s G a{G/H) the element rsr is 
contained in a{G/H) (cf. [15], p. 18 and Lemma 1.3, p. 17, [ 8 ], Corollary 
3.11, p. 51). The multiplication of L on the factor space G/H is defined by 
xH * yH = a{xH)yH. 

Let Li be a loop in the factor space G/H with respect to the section 
a : G/H —>• G. The loops L 2 isomorphic to Li and having the same set of 
left translations a{G/H) and the same group G as the group generated by 
a{G/H) correspond to automorphisms a of G, which leave a{G/H) invari¬ 
ant. The loop L 2 corresponding to a is realized on G/a{H) such that the 
multiplication of L 2 is given by xa{H)*ya{H) = [aoaoajj^{xa{H))]ya{H), 
where the mapping an ■ G/H —)• G/a{H) is defined by kH —>• a{k)a{H). 
Moreover, let L and L' be loops having the same group G generated by 
their left translations. Then L and L' are isotopic if and only if there is a 
loop L” isomorphic to L' having G again as the group generated by its left 
translations such that there exists an inner automorphism r of G mapping 
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the stabilizer H" of e" € L" onto the stabilizer i/ of e G L (cf. [15], Theorem 

1.11, p. 21). 

A real vector space V with a trilinear multiplication is called a 

Lie triple system V, if the following identities are satisfied: 

{X,X,Y) = 0 (1) 

{X,Y,Z) + {Y,Z,X) + {Z,X,Y) = 0 (2) 

{X,Y,{U,V,W)) = {{X,Y,U),V,W) 

+ {u, {X, Y, y), IT) + {u, V, (A, y, it)). ( 3 ) 

A Bol algebra A is a Lie triple system (T, (.,.,.)) with a bilinear skew- 
symmetric operation [[.,.]], {X,Y) [[A, T]] : V x V ^ V such that the 

following identity is satisfied: 

[[(A, T, Z), IT]] - [[(A, y, IT), Z]] + (Z, IT, [[A, Y]]) 

- (A,y,[[Z,lT]]) + [[[[A,y]],[[Z,lT]]]] =0. 

With any connected differentiable Bol loop L we can associate a Bol algebra 
in the following way: Let G be the Lie group topologically generated by the 
left translations of L, and let (g, [.,.]) be the Lie algebra of G. Denote by 
h the Lie algebra of the stabilizer H of the identity e G L in G and by m = 
Tia{G/H) the tangent space at 1 G G of the image of the section a : G/H —)• 
G corresponding to the Bol loop L. Then g = m0 h, [[m, m], m] C m and 
m generates the Lie algebra g. The subspace m with the operations defined 
by (A, y, Z) ^ [[A, y], z] , (A, y) ^ [a, y]^, where A, A, Z are elements 
of m and Z i—Zm : g —)• m is the projection of g onto m along h, is the 
Bol algebra of L. The Lie algebra g of G is isomorphic to an enveloping Lie 
algebra of the Lie triple system m corresponding to L. 

An imbedding T of a Lie triple system V into a Lie algebra is a linear 
mapping A i—)■ A^ of V into such that 

(i) (A, y, Z)^ = [[A^, y"^], Z^] holds for all A, A, Z G V and 

(ii) the image generates 

The Lie algebra is called enveloping Lie algebra of the imbedding T. An 
imbedding [/ of a Lie triple system V is called universal and © 

[V^, V^] is a universal Lie algebra of V if and only if, for every imbedding 
T of V the mapping A^ i—>• A^ is single-valued and can be extended to a 
Lie algebra homomorphism of onto ([3, p. 519^ ctnd |9j ^ p. 219^. 

In [7] (pp. 517-518) it is shown that for every Lie triple system V there 
exists a particular imbedding S such that X^jA?,y^'^] = 0 for Aj,yj G V if 
and only if Aj, Z) = 0 for every Z G V. Moreover = V‘^©[V‘^, V*^]. 

This imbedding is called the standard imbedding of V and the Lie algebra 
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is the smallest enveloping algebra. Using the standard imbedding the 
existence and the uniqueness of a universal imbedding U of every Lie triple 
system V follows (0, p. 519). Moreover if V is a n-dimensional Lie triple 
system then the universal Lie algebra of V and therefore every enveloping 
Lie algebra of V has dimension at least n and at most n(n + l)/2. 

A loop L is called a left A-loop if each = X~yXxXy : L —>• L is 
an automorphism of L. If L is a differentiable left A-loop then the group 
G topologically generated by its left translations is a Lie group (cf. [15], 
Proposition 5.20, p. 75). If g is the Lie algebra of G and h is the Lie algebra 
of the stabilizer H of the identity e G L in G then one has m 0 h = g and 
[h, m] C m, where m is the tangent space T^L (cf. |15j . Definition 5.18. and 
Proposition 5.20. pp. 74-75). 

A differentiable loop L is called a Bruck loop if there is an involutory 
automorphism a of the Lie algebra g of the connected Lie group G generated 
by the left translations of L such that the tangent space Tf>{L) = m is the 
— 1-eigenspace and the Lie algebra h of the stabilizer 77 of e G L in G is the 
0l-eigenspace of cr. 

Let Li be a loop defined on the factor space Gi/Hi with respect to a 
section cji : Gi/Hi —)■ Gi the image of which is the set Mi C Gi. Let 
G 2 be a group, let : 77i —)• G 2 be a homomorphism and = 

{(x, (^(rr)); X G Hi}. A loop L is called a Scheerer extension of G 2 by Li if 
L is defined on the factor space (Gi x G 2 )/{Hi, if (Hi)) with respect to the 
section a : (Gi x G 2 )/{Hi, ip{Hi)) —>■ Gi x G 2 the image of which is the set 
Ml X G 2 ([IS]) Section 2). 

From [3] we will use often the following fact: 

Lemma 1. Let L he a differentiable global loop and denote by m the tangent 
space of Tia{G/H), where a : G/H G is the section corresponding to L. 
Then m does not contain any element of Adg-ih = ghg~^ for some g G G. 
Moreover, every element of G can be written uniquely as a product of an 
element of a{G/H) with an element of H. 

3 3-dimensional solvable Lie triple systems 

Let (m, [[.,.],.]) be a Lie triple system and let (g*, [.,.]) be the standard en¬ 
veloping Lie algebra of (m, [[.,.],.]) ([9], P- 219). The isomorphism classes of 
the 3-dimensional solvable Lie triple systems and their standard enveloping 
Lie algebras may be classified as follows: 

1. If the Lie triple system m is abelian then it is the 3-dimensional abelian 
Lie algebra, which is also the standard enveloping Lie algebra of m (see 
Theorem 4.1, Type I in I])- 

2. Since a 3-dimensional Lie triple system cannot have a 2-dimensional 
centre we consider now the case that m has a 1-dimensional centre (ei). 
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Then the factor Lie triple system m/(ei) is 2-dimensional and according to 
[5] (pp. 44-45) it is either abelian or satisfies one of the following relations: 

( i ) [[62,631,63] = 62, ( n ) [[62,631,63] = -62. 

It follows that for m and for the corresponding Lie algebra g* we have the 
following possibilities. 

2 a. If m/( 6 i) is abelian then we have [[ 62 , 631 , 62 ] = 61 , since m is not 
abelian. This Lie triple system is isomorphic to the Lie triple system be¬ 
longing to the relation [[ 62 , 631 , 63 ] = 61 under the isomorphism a given by 
q;( 6 i) = 61 , a( 62 ) = 63 , a( 63 ) = —62 (see Theorem 4.1, Type II in [1]). Then 
the Lie algebra g* is defined by the following non-trivial relations 

[62,631 = 64, [64,631 = 61. 

According to |12] (p. 162) this is the unique 4-dimensional nilpotent Lie 
algebra with 2 -dimensional commutator algebra. 

2 b. The Lie triple system is the direct product of (ci) with the 2- 
dimensional Lie triple system satisfying in 2 either (i) or (ii) respectively. 
Using the isomorphism a given by a( 6 i) = 63 , a( 62 ) = 61 , ales) = 62 the Lie 
triple system with the relation (i) changes into the Lie triple system x 
( 63 ) satisfying [[ 61 , 621 , 62 ] = 61 (Type III in [T]) and the Lie triple system 
with the relation (ii) becomes the Lie triple system m“ x ( 63 ) satisfying 
[[ 61 , 621 , 62 ] = —61 (Type III in [1]). The Lie algebra g*^^ corresponding to 
m"’" X ( 63 ) is given by 


[ 61 , 621 - 64 , [ 64 , 62 ]— 61 , 

whereas the other products are zero. This shows that g*^^ is the direct 
product of the 3-dimensional solvable Lie algebra having precisely two 1- 
dimensional ideals m, pp. 12-14) and the 1-dimensional Lie algebra. 

The Lie algebra g*_j belonging to m“ x ( 63 ) is defined by 

[ 61 , 621 = 64 , [ 64 , 62 ] = — 61 , 

which shows that g*_^ is the direct product of the 3-dimensional solvable Lie 
algebra having no 1 -dimensional ideal m, pp. 12-14) and the 1-dimensional 
Lie algebra. 

2 c. The Lie triple system is a non-split extension of (ci) by the 2- 
dimensional Lie triple system belonging to the relation (i) or (ii) in 2 re¬ 
spectively. Hence it is characterized by 


: [[62,631,62] = 61 
m" : [[62,631,62] = 61 


6 


[[ 62 , 631 , 63 ] = 62 
[[ 62 , 631 , 63 ] = -62 


or 


(Type V in [T]). 

The Lie algebra of m'*" is given by 

[62,631=64, [64,621 = 61, [64,631 = 62 

which shows that contains the 3 -dimensional nilpotent ideal (61,62,64) 
and the factor Lie algebra g*_|_)/(6i) is the 3 -dimensional Lie algebra having 
precisely two 1 -dimensional ideals. This Lie algebra is isomorphic to <74^8 
with /i = — 1 in m (p-121). 

The Lie algebra g^_^ of m~ is defined by 

[62,63! = 64, [64,62! = 61, [64,63! = —62, 

which shows that it contains the 3 -dimensional nilpotent ideal (61,62,64) 
and the basis element 63 acts as a euclidean rotation in the 2-dimensional 
subspace (62,64). This Lie algebra is isomorphic to 54^9 with p = 0 in [ 13 ] 

(p. 121). 

3. It remains to discuss that m has only trivial centre. In this case m is 
determined by 

[[62,63!, 63! = 61, [[63, 61!, 63! = 62 

(Type VI in [T|). 

The corresponding Lie algebra g* is defined by: 

[62,63! =64, [64,63! =61, [61,63! = 65, [65,63! = —62, 

and the other products are zero. The Lie algebra g* has two 2 -dimensional 
ideals which are invariant under the action of 63. 

Remark 1. Our classification of the 3 -dimensional Lie triple system is a 
slight modification of Bouetou’s classification (HI). He has two classes 
more, namely 

a) [[62, 63!, 61! = 61, [[63,61!, 62! =-61 

b) [[61,62!, 62! = 661, [[61,62!, 63! = 61 

[[63, 61!, 62! = -61, [[63, 61!, 63! = -661, 

where 6 = ±1. 

The case a) does not satisfy the property dSj) in the definition of a Lie 
triple system and the case b) is isomorphic to the case 2 b using the iso¬ 
morphism 

a(6i) = 6i, 0(62) = 662 - 63, 0(63) = -662 -I- (6 -I- 1)63. 
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4 3-dimensional Bol loops corresponding to the 
abelian 

Lie triple system are abelian groups 

Lemma 2. The universal Lie algebra of the abelian Lie triple system m 
is given by the following multiplication table: 

[61.62] = 64 , [61,631=65, [62,63] =66, 

and the other products are zero. 

Proof. According to the definition of we have m^ n [m^, m^] = 0. Thus 
we can choose the elements 61, 62, 63 as a basis of m^ and the elements 
64 := [61,62], 65 := [61,63] and cq := [62,63] as the generators of [m^,m*^]. 
Since m is abelian we obtain the assertion. □ 

The centre Z of is generated by the elements 64, 65, oq and is equal 
to [m^, m^]. Therefore the Lie group of g^ is a 6-dimensional nilpotent 
Lie group of nilpotency class 2. Every enveloping Lie algebra g^ of m is 
an epimorphic image of g^. The 4- or 5-dimensional epimorphic images 
of g^ are also nilpotent and has nilpotency class 2. It follows from m 
(p. 311) that any global connected differentiable proper Bol loop L having 
a Lie group of nilpotency class 2 as the group topologically generated by 
its left translations contains an at least 3-dimensional nilpotent subgroup. 
Hence there does not exist any differentiable proper 3-dimensional Bol loop 
L corresponding to the abelian Lie triple system. 

5 3-dimensional Bol loops belonging to a Lie triple 
system 

with 1-dimensional centre 

5.1 Bol loops corresponding to the non-decomposable nilpo¬ 
tent standard enveloping Lie algebra with dimension 4 

We consider the Lie triple system m of type 2 a in Section 3. 

Lemma 3. The universal Lie algebra g^ of the Lie triple system m of 
type 2 a is the 5-dimensional nilpotent Lie algebra defined by the following 
non-trivial products: 

[62.63] =64, [64,63] = 61, [63,61] = 65. 

The unique A-dimensional epimorphic image of gy (up to isomorphisms) is 
the standard enveloping Lie algebra g* described in 2 a. 


Proof. Since = m^© [m^, m^] we may assume that the set {ei, 62 , 63 } is 
the set of the generators of and the elements 64 := [e 2 , 63 ], 65 := [ 63 , ei] 
and eg := [ 64 , 62 ] are basis elements of The relations of the Lie 

triple system of type 2 a yield the following multiplication table: 

[62,631=64, [64,631=64, [63,641 = 65, [64,621 = 66. 

Since [[64,63], 62] + [[63,62], 64] + [[62, 64], 63] = 66 this multiplication satisfies 
the Jacobi identity if and only if [64,62] = 0 and this is the first assertion. 
The Lie algebra is nilpotent hence every epimorphic images of g^ is 
also nilpotent. If g is a 4 -dimensional epimorphic image of g^ then the 
commutator subalgebra of g is image of the commutator subalgebra (g^)^ 
Since dim(g^)' = 3 we have dimg' = 2 and g is the standard enveloping Lie 
algebra g* (cf. 2 a). □ 

Denote by G the Lie group of the standard enveloping Lie algebra g*. 
Using the Campbell-Hausdorff series the multiplication of G is defined by: 

(x4, X2, X3, X4) * {yi,y 2 ,y 3 , y^) 

11 1 

^ Xi+yi + -{xm - Xsy^) + ^^(*32/2 - X3X2y3) + (3^22/3 - X3y3y2) ^ 

X2 + 2/2 

3:3 + 223 

Y 3:4+ 224 + ^(3:22/3 -3:32/2) / 

m, p. 77). A 1 -dimensional subalgebra h of g* such that h does not contain 
any non-trivial ideal of g and h n m = {0} holds has the form 

h = (04 + 0464 + 0262 + 0363), Oj G M. 

The automorphism group of g consisting of the linear mappings 

0(64) = bpei, 0(62) = 064 + 662 , Q!(e3) = dei+le2+fe3, 0(64) = 6/64, 

where a,b,d,l,f G M and bf / 0, leaves the subspace m = (64,62,63) 
invariant and maps the subalgebra h onto one of the following subalgebras 

h 4 = ( 64 ), h 2 = (64 + e 4 ), h 3 = (64 + 62 ), h4 = (e4 + 63 ) 

(see m)- Since the element 64+62 G h3 is conjugate to the element 62 — ^64 G 
m under g = (0,0,—1,0) G G and the element 64 + 63 G h4 is conjugate 
to the element 63 G m under g = (0,1,0,0) G G we have a contradiction 
to Lemma 1 . Therefore we have to consider only the cases (g*,h4) and 
(g*, h2). In [ 2 ] it is proved that for these 2 cases global Bol loops exist. The 
loop L belonging to the triple 

{G, Hi = exp h4 = {(0,0,0, h) | h G M}, exp m = {(a, 6, c, 0) | a, 6, c G M}) 
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is a Bruck loop. The loop L* corresponding to 

(G, H 2 = exp h 2 = {{h, 0,0, h) \ h G M}, exp m = {(a, b, c, 0) \ a,b,c G M}) 

is a left A-loop, because of [h, m] C m. But it is not a Bruck loop since 
there is no involutory automorphism cr : g —>• g such that (T(m) = — m and 
a{h2) = h2. 

Since the conjugation by the element g = (0,0,—1,0) G G maps the 
subalgebra hi of Hi onto the subalgebra h 2 of H2 the loop L is isotopic to 
L*. 

Now we consider the universal Lie algebra g^ defined in Lemma 3, which 
is the Lie algebra L| in [12] (p. 162). Using the Campbell-Hausdorff series 
m) the multiplication of the Lie group of g^ is given as follows: 

{xi,X2,X3, X4, X5) * {yi,y2, ^ 3 , 2 / 4 , ys) 

^ Xi+yi + ^(X4y3 - x^yi) + ^{xly2 - X3X2y3) + -^ix2y‘i - X3y3y2) ^ 

X2 + y2 
X 3 + y 3 

~ 3^4 + y4 + 2 (^2^3 - 3 : 3 ^ 2 ) 

x 5 + y 5 + T^ixsyi - xm) + r^i-xlyA + 3 : 33 : 4 ^ 3 ) 

1 1 

\ +-^{-X4y3 + X3y3y4) +—{x2X3yl-xly2y3) 

The class of the 2-dimensional subalgebras h of gi, which does not contain 
any non-trivial ideal and h n m = {0} has the following shape: 

K,b,a',b' = (64 + aei + be2, 65 + a'ei + b'e2), a, b, a', b' G M, (o', b') ^ (0,0) 

(121, p. 80). There is no Bol loop L such that the group topologically gener¬ 
ated by the left translations of L is the group G^ and the stabilizer of the 
identity e G L in G^ is the group 

Ha,b,a',b' — {(-^iQ + ^2®^, -^1^ + ^2b' , 0, Ai, A2), Ai, A2 G M}, a, b, a', b' G M, 

where {a',h') ^ (0,0). Namely we show that for given a,b,a',b' G M with 
[a',h') / (0,0) we can find (0,0) / (Ai,A 2 ) G and an element x = 
{xi,X2,X3,X4,x^) G G^ such that 

Adx{Xi{e4 + aei -|- be2) + A 2 (e 5 -|- a'ei -|- b'e2)) G m\{0} 

where m = {yiei -|- ^ 2^2 + 2/363 ; 2 /i, 2 / 2 , 2/3 G • This is a consequence of the 
fact that the following system of equations: 

yi = Ai -k X 2 a', y 2 = Xib + A26', y3 = 0 
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Ai(l - X 36 ) - X2b'x3 = 0, A2(1 + x^a') + Ai 



has a solution X3 / 0 , (Ai, A2) / ( 0 , 0 ) and (yi, 2/2, Vs) / ( 0 , 0 , 0 ) which holds 
true since there exists X3 / 0 such that 

1 + X 3 {a' — b) + x|(6'a — ba') - h' x\ = 0. 

3 

Summarizing our discussion we obtain 

Theorem 4 . There is only one isotopism class C of 3-dimensional connected 
differentiable Bol loops such that the group G topologically generated by their 
left translations is a nilpotent Lie group. The group G is isomorphic to the 
4-dimensional non-decomposable nilpotent Lie group. The class C consists 
of precisely two isomorphism classes Ci and C 2 which may be represented 
by the Bruck loop L having the group H = {( 0 , 0 , 0 ,/i) | h G M} as the 
stabilizer of e G L in G respectively by the left A-loop L* having the group 
H = {{h, 0,0, h) \ h G M} as the stabilizer of e G L* in G. 

5.2 Bol loops corresponding to a Lie triple system which is a 
direct product of its centre and a non-abelian Lie triple 
system 

We discuss here the Lie triple systems characterized in 2 b in Section 3 . 

Lemma 5 . The universal Lie algebras and of the Lie triple systems 
m+ X (es) or m“ x (es) respectively, are defined by: 

[61,62] =64, [64,62] =£61, [62,63] =65, 

where £ = 1 for g|(^^ and —1 for o,nd the other products are zero. 

The unique 4-dimensional epimorphic image 0 /g^^ is (up to isomor¬ 
phisms) the standard enveloping Lie algebra g*_^ described in 2 b. 

The 4-dimensional epimorphic images of are (up to isomorphisms) 
either the standard enveloping Lie algebra g*^^ given in 2 h or the Lie 
algebra g given by: 

[61,62] = 61, [62,63] = 64, 

whereas the other products are zero. 

Proof. For a basis of the universal Lie algebras g^ = m^0[m^, m^j one can 
choose the elements ei, 62, 63, 64, 65, cq, where 64,62,63 are the generators 
of m^ and 64 := [61,62], 65 ;= [62,63], cq := [64,63] are the generators of 
[m^, m^]. Using the relations of the Lie triple systems of type 2 b we obtain 
the following multiplication table: 

[61,62] =64, [64,62] =±61, [62,63] =65, [61,63] =66 
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and the other products are zero. Since for the elements 62 , 63 , 64 one has 

[[62,63], 64] + [[63,641,62] + [[64,621,63] = ± 66 , 

this multiplication satisfies the Jacobi identity precisely if [ 64 , 63 ] = 0, and 
we obtain the universal Lie algebras . The unique 1-dimensional ideal of 
is the centre of sf -), which is generated by 65 . Moreover, the epimorphic 
image under the mapping a( 6 j) = Ci, i = 1 , 2 , 3 , 4 , 0 ( 65 ) = 0 is the 

Lie algebra g^_^. 

The 1-dimensional ideals of g^^ are ii = ( 65 ), ^2 = (64 ± 64 ), = 

(64 — 64 ). The image of g|^^ under the epimorphism /3(6j) = 6 j, i = 1, 2, 3,4 
and /^(cs) = 0 is the Lie algebra g(_|_p The Lie algebras g ^)/(64 ± 64 ) and 
g^)/(e 4 — 64 ) are determined by 


[64,62] = -64, [62,63] = 64; and by 

[64,62] = 64, [62,63] = 64 

respectively. This shows that g^)/(64 ± 64) is isomorphic to g[[)_)/(64 — 64) 
under the isomorphism 7(6*) = 6j, i = 1,4 and 7(6^) = —ej, j = 2 , 3 , and 
the assertion follows. □ 

First we seek for Bol loops having the standard enveloping Lie algebra 
g(+) given in 2 b as the Lie algebra of the group topologically generated 
by their left translations. The Lie group G of g^_|_^ is the direct product 
G = Gi X G2, where Gi is the 3 -dimensional solvable Lie group having 
precisely two 1 -dimensional normal subgroups and G2 is a 1 -dimensional Lie 
group. Since the Lie triple system is the direct product of its centre G and 
a 2 -dimensional non-abelian Lie triple system A one has exp m = exp m4 x 
exp m2, where exp m4 respectively exp m2 corresponds to A respectively to 
G. Moreover, expm4 C Gi and exp m2 = G2. 

First we assume that the 1 -dimensional Lie group H = exp h is contained 
in Gi X { 1 }. Then the loop L is the direct product of a 2 -dimensional Bol 
loop Li and a 1 -dimensional Lie group ([IS], Proposition 1 . 19 , p. 28 ). The 
loop Li has Gi as the group generated by its left translations, and it is 
isomorphic to precisely one of the non-isomorphic loops Lq, ct E M with 
a < — 1 given in Theorem 23.1 of | 15 ] . All loops and hence also ±4 are 
isotopic to the pseudo-euclidean plane loop ([IS], Remark 25 . 4 , p. 326 ). 

If the 1 -dimensional Lie group H = exp h is not contained in Gi x {1} 
then H is isomorphic to M since Gi does not contain any discrete normal 
subgroup 7^ 1 . Therefore G2 = M, exp m = exp m4 x M and H has the shape 
{{hi,ip{hi) \ hi G Hi}, where J/4 = M is a subgroup of Gi and (p : Hi ^ G2 
is a monomorphism. For a loop L corresponding to the pair {G, H) the 
group G2 is a normal subgroup of L and the factor loop L/G2 is isomorphic 
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to a loop Li defined on the factor space Gi/Hi. According to Theorem 23.1 
in m the loop Li is isomorphic to a loop L^. Then the Proposition 2.4 in 
m yields that L is a Scheerer extension of the group M by a loop La- 

Now we deal with the standard enveloping Lie algebra g*_^ given in 
2 b. The Lie group G of g*_j is the direct product G = Gi x G 2 of the 
3-dimensional solvable Lie group Gi having no non-trivial normal subgroup 
and a 1-dimensional Lie group G2. Since exp m decomposes into the topolog¬ 
ical product exp m = exp mi x exp m2 with exp mi C Gi and exp m2 = G2 
the 1-dimensional Lie group H has the form {Hi, ip{Hi)), where ip : Hi —)• G2 
is a homomorphism. Hence the loop belonging to {G, H, exp m) is a Scheerer 
extension of a 1-dimensional Lie group and a 2-dimensional loop L (cf. [IS] 
Proposition 1.19, p. 28 and Proposition 2.4, p. 44). But the group Gi can¬ 
not be the group topologically generated by the left translations of L (cf. 
m Lemma 23.15, p. 312). Therefore there is no differentiable Bol loop 
corresponding to the group G. 

Now we investigate the Lie algebra g in Lemma 5, which consists of the 
matrices 


/ 0 u 0 0 0 \ 

0 u 0 0 0 


vei + ue2 + zes + ke^ i-)- 


0 0 0 u fc 
0 0 0 0 z 

Voodoo/ 


M, v,k,z £ M. 


It is a central extension of M by the direct product of M and the non-abelian 
2-dimensional Lie algebra (see m, pp. 120-121). The multiplication of the 
Lie group G of g is defined by 


{xi,X2,X3,X4) * (2/1, 2/2, 2/3,2/4) = {Vl + X2 + 2/2,2:3 + 2/3, X4 -h 2/4 + X2y3)- 

The 1-dimensional subalgebras h of g which complement m = (61,62,63) 
have the shapes: 


hai,a 2 ,a 3 — (64 + «iei -|- 0262 -|- 0363), 

where 01,02,03 G M. For oi = 02 = 03 = 0 the Lie algebra ho,o,o = (64) is 
an ideal of g. Therefore we have (oi, 02,03) 7^ ( 0 , 0 , 0 ). The automorphisms 
7 of g leaving m invariant are determined by the linear mappings 

7(ei) = 061, 7(62) = biei +62 + 6363, 7(^3) = ^63, 7(64) = de^, 

such that a,d G K\{ 0 } and ^1,63 G M. A suitable automorphism 7 of g 
with 7(m) = m maps the subalgebra onto one of the following Lie 

algebras: 

hi = (64+62), h2 = (64-^0363), 03 G M\{ 0 }, h3 = (64-^61-^0363), 03 G M. 
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Because of 62 = Adg{ei + 62 ) G m with g = ( 0 , 0 ,— 1 , 0 ) G G the Lie 
algebra hi is excluded. Since for 03 7^ 0 and g = (0,03 ^, 0 , 0 ) G G one has 
0363 = ^4^3(64+0363) G m and [exp(a3 ^)]ei+a363 = ^^3(64+61+0363) G m 
we have to investigate only the triple (g, h = (64 + 61), m) (cf. Lemma 1 ). 
For the exponential image of m = (61,62,63) we obtain 

exp m = exp{fci6i + ^262 + /C363; fci, /c2, G M} 



and the subgroup H = exp{o(64 + 61), o G M} consists of the elements 
(o, 0 , 0 , o), o G M. 

Since any element of G decomposes uniquely as { 0 ,yi,y 2 ,y 3 ){a, 0 , 0 , a) 
we can conclude that exp m determines a global Bol loop if and only if each 
element g = ( 0 , yi, 2 / 2 ) 2/3) G G, j/j G M, i = 1 , 2,3 can be written uniquely as 
a product g = mh or equivalently m = gh~^ with m G expm and h G H. 
This is the case since for all given 2/1,2/2,2/3 G M the following system of 
equations 


1 6 ^ 2-1 



has a unique solution (a, fei, ^2, /C3) G given by 


^2/12/2 - 2/3 


k2 ■= 2/1, ^3 := 2/2, a:=y3- -2/12/2, ki 


e^'i-l 

yi 


Hence the pair (G, H = {(a, 0 , 0 , a), a G M}) corresponds to a 3 -dimensional 
Bol loop L. Because of [h, m] C m the loop L is a left A-loop. 

Now we summarize the discussion in 

Theorem 6. Let L be a 3 -dimensional connected differentiable Bol loop 
corresponding to a Lie triple system which is a direct product of its centre and 
a non-abelian 2 -dimensional Lie triple system. Lf the group G topologically 
generated by the left translations of L is A-dimensional, then for L and for 
G precisely one of the following cases occur: 

1 ) G is the direct product of the 3 -dimensional solvable Lie group having 
precisely two 1 -dimensional normal subgroups and a 1 -dimensional Lie group 
and L is either the direct product of the 1 -dimensional compact Lie group 
502 (K) with a 2 -dimensional Bol loop L^ defined in Theorem 23.1 of 115 ^ 
or a Scheerer extension of the group M. by a loop La. 

2 ) G is the A-dimensional solvable Lie group with the multiplication 

(xi, X2, X3, X4) * (2/1,2/2,2/3,2/4) = (2/1 + Xiey^,X2 + 2/2, 3^3 + 2/3, X 4 + y 4 + X22/3) 

and L is isomorphic to the left A-loop having H = {(a, 0 , 0 , a) | a G M} os 
the stabilizer of the identity of L. 
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Finally we treat the universal Lie algebras defined in Lemma 5. 
(The Lie algebra is isomorphic to the Lie algebra <753 with 7 = — 1 and 
is isomorphic to the Lie algebra 5574 with p = 0 in [13], p. 105.) The 
multiplication of the Lie group corresponding to g|^^ is given by: 


/ Xl \ 


^ yi \ 


/ yi + xi cos 2/2 ± ex 4 sin 2/2 \ 

X2 


y2 


y2 ± X2 

X3 

* 

y3 

= 

y3 + X3 

X4 


y4 


2/4 ± Xi sin 2/2 ± X 4 cos 2/2 

\ X5 / 


\ ys / 


\ ys ± ± X2y3 / 


The triple (cos7/2 j sin7/2 jE) denotes (cosh 7/2 j sinh 2/2, 1 ) in case and 
(cos2/2, sin2/2,—1) in case G^_y 

The 2 -dimensional subalgebras h of which are complements to m = 

(61.62.63) have the shapes: 

hai,a 3 ,bi,b 3 = (64 -b 0161 -b 0363, 65 -b 6161 -b 6363), 

where 01,03,61,63 E M. Since the ideal (65) of g|^^ lies in ha^^a3^o,o and 
the ideal (64 ± 61) of g^^ is contained in h±i^o,61,63 we may suppose that 

(61.63) 7^ (0,0) in the case of g|(^^ as well as of g^^ and (01,03) 7^ (±1,0) 
in the case g[^p 

For 61 = 0 the element 0 7^ 6363 E m is conjugate to 65 ± 6363 E h under 
g = ( 0 , —63 0 , 0 , 0 ) E which contradicts Lemma 1 . 

If 61 7^ 0 then the linear mapping a. defined by 

a(6i) = 7—61, 0(62) = 62, 0(63) = 63, 0(64) = 7—64, 0(65) = 65 

0l 0l 

is an automorphism of This automorphism leaves the subspace m 

invariant and reduces 

The Lie group Lfai,a3,i,63 = exp hag,a3,1,63 consists of the elements 
{{lai + k, 0 , ^03 ± kbs, I, k), /, A; E M} 
and the exponential image of the subspace m has the form 


exp m = exp{A:i 6 i ± ^262 ± ^363; ki,k 2 , k^ E 


A:isinA ;2 , , A:i(cos A :2 - 1) 1, , \ 

-- ,k2,k3,£ - — - ,-k2k3j, ki,k2,k3e. 

Every element of the Lie group can be written uniquely as a product 
(xi,X2,X3,X4,X5) = (0,/2,/3,0,/5)(;oi ± k,0,la3 ± kb3,l,k), 
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where {lai+k, 0 ,la 3 +kbs,l,k) G i^ai.ag.Gbg- Each element s' = ( 0 ,/2,/s, 0 ,/s), 
/j G M for i = 2 , 3 , 5 , has in a unique decomposition as g = m h or 
equivalently m = g h~^ with m G exp m, h G -ffai,03,1,63 if and only if for all 
given /2, /a, /s, ai, <33, &3 G M the following system of equations 


—lai — k = 


ki sin /2 
/2 ^ 


k3 = fs- las - kbs, I = -s 


A:i(cos /2 - 1 ) 

/2 


-k + h + 72(^3 - h) = \f2k3, k2 = /2 


has a unique solution {ki, k2,k3, k, 1) G 
In the group G^_'j we find 


ks 


k2 = / 2 , kl = ■/’ 2 ( 2/5+/2/3) ^ 

2[{cos f2-l){hai-haih+h^3hai+aj.h-Haih)+smf2(h+hHh-Hh)] 

n 

L _ (2/5-/2/3)[sm/2+ai(cos/2-l)] 7 _ (cos/2-l)(-2/5+72/3) 

^ n ’ ^ n ’ 


( 1 ) 


where h = (cos /2 - l)(2ai - 03/2 + 63/201) + (2 + 63/2) sin /2. 
In the system (*) has the following solution: 


ks = 


ko = fo ki = 2 / 2 e-^ 2 (- 2 / 5 +/ 2 / 3 ) 

^2 J2, Kl (e/ 2 -l)n ’ 

_ 2 [(e -^2 — 1 )(—/ 3 ai+/ 3 a 3 / 2 —/ 363 / 2 ai—a 3 / 5 + 63 ai/ 5 )+(e-^ 2 +l)(/ 3 +/ 363 / 2 — 63 / 5 )] 


L _ (-2/5+/2/3)(Qie-^^-e-^^-ai-l) / _ (e-^2-l)(2/5-/2/3) 

n, ’ n 1 


( 2 ) 


where n = (1 - e^^){2ai - 03/2 + 63 / 201 ) + (e-f^ + l )(2 + 63 / 2 ). 

The solution (1) respectively the solution (2) is unique if and only if 
h / 0 respectively n / 0. If for a value /2 one has n(/ 2 ) = 0 respectively 
n'(/ 2 ) = 0 then the coset {0, f 2 , f 5 )Hai,a 3 ,i,b 3 contains no element of 
exp m. 

Considering /2 as a variable x for the function h(/ 2 ) = h{x) one has 
h(x) = 0 if and only if a 3 (x) = (| + 63 ) (oi + , where oi, 63 G M and 

X G M\{27r/}, I G Z. For all oi G M the function h{x) := oi + co^g™!ii has 
period 27r. It is continuous and strictly increasing on the intervals {2Trl, 27r + 
2 ttI), I G Z such that lima;^ 27 ri h{x) = —00 and limj,y>' 27 r+ 27 ri h{x) = 00. The 
function | + 63 is for 63 < —^ continuous and negative in (dvr, Gvr) and for 
63 > —^ it is continuous and positive in (0, 27r). Hence the restriction of the 
function 03 (x) to (dvr, Gtt) respectively to (0,27r) takes all real numbers as 
values. This means that for all given oi, 03 , 63 there is a value p G M\{27r/}, 
I G Z such that h{p) = 0. 

Replacing /2 by the variable x we investigate the function n(/ 2 ) = n(x). 
We have n(0) = d. We seek for p G K\{0} with n{p) = 0. Since n(x) is 
continuous it is enough to prove that there is x G K\{0} with n(x) < 0. 
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This happens for the following triples 


a) (63 = 0, as = 0, ai ^ [-1,1]) 
c) (63 G M\{0}, 03 <0, ai G M) 
e) (bs >0, 03 > 0, ai > ^ - 1^. 


b) (63 = 0 , 03 < 0 , oi G M) 
d) (bs <0, 03 > 0, oi < ^ + 


Namely, in the case a) lima;_^_oo < 0 for oi < —1 and lim2;_).oo < 0 
for oi > 1 . In the cases b) and e) we have lima;_j._oo = —00 and in the 
case d) one obtains lima;_).oo = —00. Moreover, in the case c) one has 
?T'(—< 0 . Thus for the above triples (01,03,63) there is p G IR\{ 0 } such 
that n{p) = 0. 

Let a : G^^/-fIaj^a3,i,b3 —^ ^(±) ® section belonging to a differentiable 
Bol loop L with dimension 3 . If contains expm then any 

coset ( 0 ,/2,0, 0 , (J 3 1 63 , (/2 G M) should contain precisely one element 

s of a{G^^^/Haj^^a3,i,b3)- For /2 / p we obtain in the case G^_^ 


s = 



, f2, ks, 


2(cos /2 - 1) 
n 



and in the case 

(-2{ek'^ + l) -4e-^2((josh/2 - 1) 

^ \ ) J2) 6)3, - j - —- 

\ n — l)n 

Since a is continuous one has 



cj(( 0 ,p, 0 , 0 , l)iLai,a3,l,fe3) = Cr((0,/2,0,0,I)LIai ,03,1,63) = «' 

f2^p h^P 

But limj,^_^p 2(cos/2 1) _ QQ g^g Iimj-,^_^p 2(e^2+i) _ ^ i^hich are 

contradictions. Therefore the group cannot be the group topologically 
generated by the left translations of a differentiable 3 -dimensional Bol loop 
and for the group Gpj_) the parameters satisfying the conditions a) till e) are 
excluded. 

Now for it remains to investigate the triples 


(i) (63 = 0, 03 = 0, -1 < oi < 1) 


(ii) (63 = 0 , 03 > 0 , oi G M) 



< 0 , 03 > 0 , oi > ^ + 1 ) 

63 / 

> 0 , 03 > 0 , oi = ^ - 1 ^ 


(iv) {bz >0, 03 > 0, oi < ^ - 1 
(vi) {bz <0, 03 > 0, oi = H -b 1) 


In the case (i) the function n{x) is positive. Therefore there is a con¬ 
nected differentiable 3 -dimensional Bol loop, which is realized on the factor 
space 0,1,0 with —I < oi < 1. 
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In the case (ii) we have 


n{x) = e^{xa3 — 2ai + 2) — xa^ + 2ai + 2 
and for the derivations we obtain 


n'{x) = e^{xa3 — 2ai + 2 + 03) — 03 
n”{x) = e^{xa3 — 2ai + 2 + 203) 
n'”{x) = e^(xa3 — 2ai + 2 + 803). 


Since n''{x) = 0 only for u = ^3 holds and n'"{u) = 03 > 0 the 


function n'{x) assumes in u its unique minimum. Moreover, we have 
lim n'{x) = 00, lim n'{x) < 0, and 

fC—>-00 —OD 

lim n{x) = 00, lim n{x) = 00. 


x^—oo 


Therefore there is only one value p for which n'{p) = 0 and in p the function 
n{x) achieves its unique minimum. One obtains n'{p) = 0 if and only if 
ai = ^{pas + 2 + 03 — ||). Furthermore, we have n{p) > 0 if and only if 
p = 0 or 0 < 03 < if p € M\{ 0 }. Thus for the parameters (03,01) 

satisfying the properties 


0 < 03 and oi = 1 


or 

4e^ 1 / 03 \ 

0 < < (eP - 1)2 “1 = 2 + 2 + 03 - - j 

there is a connected differentiable 3-dimensional Bol loop corresponding to 
the pair i 7 ai,a 3 ,i,o)- 

In the cases (hi) and (iv) we have 

n{x) = (e* -I- l){b 3 X -|- 2) -|- (1 — e*)(x 630 i - X 03 -|- 2oi) 
and for the derivations one obtains 

n'(x) = e^{x{b3 -h 03 - 63O1) -h 63 + 03 - b^ai + 2 - 2oi) -h 63 63O1 - 03 

n"{x) = e^(x{b3 -|- 03 - 6301) -|- 263 -|- 203 - 263O1 + 2 - 2 ai) 

n'"{x) = e*(x(63 -|- 03 - 6301) -|- 863 -|- 803 - 86301 -|- 2 - 2ai). 

The same arguments as above show that the function n'{x) has only one 
minimum in and that there exists only one value p such 

that n'{p) = 0 ; for this value p the function n{x) takes its unique minimum. 
We have n'{p) = 0 if and only if 

p = 0 and oi = 63 -b 1 


18 



or 


0^3 


eP{l + p){b 3 ai - bs) +eP{ 2 ai - 2 ) - 63 - 6301 

eP(l+p) - 1 


if p G M\{ 0 }. 


Putting 03 into the expression of n(x) we obtain the following; For the value 
p one has n{p) >0 if and only if one of the following cases is satished 


(I) p = 0 and oi = 63 + 1 

(II) e^(l + p) — 1 < 0 and p^ePbz — ai{e^P + 1) + e^P + 2peP — 1 + 2aie^ < 0 

(III) e^(l +p) — 1 > 0 and 

p^ePbs — ai{e^P + 1) + e^P + 2peP — 1 + 2aie^ > 0. 


In the case (I) the conditions in (hi) reduce to 
(hi) a) 63 < 0 , ai = 63 + 1 , < 03 

and from the conditions in (iv) one gets 
(iv) b) 63 > 0 , ai = 63 + 1 , + 263 < 03. 

In both cases there is a connected differentiable 3-dimensional Bol loop L 
realized on the factor space 

Now we discuss the case (II). For the parameters satisfying (ih) it is 
equivalent to the following system of inequalities 


(a) p < 0 , 63 < 0 , 0163 < 03 -h 63, (/?) as > 0 , 

ai{eP - 1)2 - e2p - 2peP + 1 


( 7 ) h < 


{5) 


as = 


p2eP 

eP{l +p){b3ai - 63) -he^’(2ai - 2) - 63 - 6301 


eP{l +p)-l 
Using ((5) the condition (a) may replaced by 

{a') ai < 1, eP{ai — 1) < 63 < 0, p < 0 . 

The condition (/3) is satished if and only if 
eP {2 - 2 ai) 


{13') sbs < £ 


eP{l+p){ai - 1) - (1 ai) 


and eai < e- 


1 -h eP{l +p) 
-l + eP{l +p) 


with e G {1, —1} holds. Since p < 0 the condition oi < 1 gives in (/?') 
for e = 1 that ai < and for e = -1 that < ai < 

1. Therefore the expression gp positive for e = 1 and 
negative for e = — 1 . 

Let f{p), l{p,ai) and k{p,ai) be the following functions 




£'(<■1 - 1), 
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U ^ - eP(2 - 2 qi) 

■ eP(l+p)(ai - 1) - (1 + ai) ■ 

Thus for e = 1 the conditions (a') and (/?') yield 

a) l{p,ai) < 63 < 0 and ai < f{p) 
whereas for e = — 1 the conditions {a') and (/?') give 

b) f{p) < ai < 1 and k{p,ai) < 63 < 0 which satisfy ( 7 ). 

The function n{p,ai) := in ( 7 ) is non negative if and 

only if 


(A) 


e^P + 2peP - 1 

“1 - {eP - 1)2 


Denote by g{p) the function g{p) 
inequality 


^ • Using for all p < 0 the 


(B) g{p) < f{p) 

one sees that the condition a) holds if and only if one of the following systems 
of inequalities is satisfied: 

c) g{p)<ai<f{p) and /(p, ai) < 63 < 0 , 

d) oi < p(p) and ^(p, oi) < 63 < n(p, oi) if l{p,ai) < n{p,ai). 

Because of p^e^^ — (e^ — 1)^ < 0 for all p < 0, the condition l{p, oi) < n{p, oi) 
is satisfied if and only if 

p 2 g 2 p _ g 2 p _ 2peP + 1 ^ ^ 

p2g2p _ g2p 2 eP - 1 ^ 

Let h{p) be the function h{p) = < 3{p) for all 

p < 0 the condition d) is satisfied if and only if 

e) h{p) < ai < g{p) and l{p,ai) < 63 < n(p, ai) holds. 


Thus for p < 0 and 63 < 0 there is a connected differentiable Bol loop L 
such that the group topologically generated by its left translations is the 
group (jpg) and the stabilizer of e G L is the subgroup i^ai,a 3 ,i,fe 3 if and only 
if the parameters ai, 03 , 63 satisfy one of the systems of inequalities b), c) or 
e) and the condition (6). 

For the parameters (iv) the case (II) yields the following system of in¬ 
equalities 


(a) p < 0 , 63 > 0 , 0163 < as- 63 , (P) as > 0 , 
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t ^ t. ^ ^ eP(l+p)(63ai-63) + eP(2ai-2)-63-63ai 

(7) h<n{p,ai), { 5 ) a3 =--• 

Using (( 5 ) the condition (a) holds if and only if one of the following cases is 
satisfied 

(a') p < -1, ai < 1, 0 < 63 < 7^—^, 

l+p 

[a") p = -I, ai < 1, 0 < 63, 

{a"') — 1 < p < 0, max |o, yq— | < ^3- 

The condition (/ 3 ) may be replaced by 
(/?') sbz < £k{p,ai) and eoi < £f{p) 

with e G { 1 ,- 1 }. Denote by m{p,ai) the function 7^^- The conditions 
{a') and (/?'), {a") and (/?'), {a'") and (/?') yield for e = 1 the corresponding 
conditions 

a) p<-l, ai<f{p), 0 < bs < mm{k{p,ai),m{p,ai)}, 

b) p = — 1 , oi < — 1 , 0 < 63 < A:(— 1 , oi), 

c) -l<p<0, ai </(p), 0 < 63 </c(p,ai) 
and for e = — 1 the conditions 

d) p<-l, /(p) < ai < 1, 0 < bs < k{p,ai), 

e) p = -1, ai < 1, 0 < 63, 

f) —l<p< 0 , 1 < oi, max{m(p, oi), A:(p, oi)} < 63, 

g) -l<p<0, /(p) < ai < 1, 0 < 63. 

Now we deal with the condition (7). Using the inequalities (A) and (B) the 
conditions a) till g) hold if and only if the following conditions in the same 
order as a) till g) are satisfied: 

a’) p < -1, g{p) <ai< /(p), 0 < 63 < min{/c(p, m), m(p, oi), n(p, oi)}, 

b’) p = -l, p(-l) < ai <-1, 0 < 63 < min{A:(-l,ai),n(-l,ai)}, 

c’) -l<p< 0 , p(p) < ai </(p), 0 < 63 < min{A:(p,ai),n(p,ai)}, 

d’) p<-l, /(p) < ai < 1 , 0 < 63 < min{A:(p,ai),n(p,ai)}, 

e’) p = -l, p(-l) < ai < 1, 0 < 63 < n(-l,ai), 

f’) —l<p<0, 1 < ai, and max{m(p, oi),/c(p, ai)} < 63 < n(p, oi), 
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if max{m(p, ai), A:(p, ai)} < 63 < n(p, ai), 

g’) -l<p<0, f{p)<ai<l, 0 < 63 < n(p,ai). 

Since for —1 < p < 0 and 1 < oi one has k{p, ai) < m{p, ai) as well as 
(1 + p){e^ — 1)^ — p^e^ < 0 the inequality max{m(p, oi),/c(p, oi)} < 63 < 
n{p, ai) in f’) is satisfied if and only if 

^ (1 + p){e‘^P + 2peP — 1 ) — p‘^eP 

^ (1 + p)(e2p - 2eP + 1) - p'^eP ' 

The function v{p) = greater than 1 for -1 < p < 0 . 

Hence the condition f’) is equivalent to 

h’) — 1 < p < 0 , 1 < oi < v{p), m{p,ai) < 63 < n(p, oi). It follows 

that for p < 0 and 63 > 0 there is a differentiable Bol loop L defined on the 
factor space if and only if the parameters ai, 03, 63 satisfy 

one of the systems of inequalities a’) till h’) and the condition (( 5 ). 

Now we discuss the case (III). For (iii) we obtain the following system 
of inequalities 


(a) p > 0, 63 < 0, 0163 < 03 + 63, 

(/?) 03 > 0 , ( 7 ) b 3 >n{p,ai), 

eP{l +p){b3ai - 63) + eP(2ai - 2) - 63 - 6301 

=- eP{l+p)-l -^ 


Using ((5) the condition (a) yields 

{a') b 3 < min{ 0 , e^(oi — 1 )} and p > 0 . 

Furthermore, (/3) is satisfied if and only if 
(/?') £63 > eA:(p, oi) and eoi > e/(p) 

with s G {1,-1} holds. Since p > 0 the conditions {a') and (/?') give for 
e = 1 


a) oi > /(p) and k{p,ai) < 63 < 0 

whereas for e = — 1 we obtain one of the following conditions 

b) 1 < oi < /(p) and 63 < 0 

c) oi < 1 and 63 < min{/(p, oi), A:(p, oi)}. 

Since for oi < 1 and p > 0 we have l{p, oi) < k{p, oi) the condition c) yields 

d) oi < 1 and 63 < l{p,ai). 


Now we investigate the condition ( 7 ). The function n{p, oi) is non negative 
if and only if 


g2p+2peP —1 


Because of 
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(D) f{p) < g{p) for all p > 0 
the condition a) may be replaced by 

e) f {v) < < g{p) and max{A:(p,oi),n(p,oi)} < 63 < 0 . 

Moreover the condition b) is equivalent to 

f) 1 < ai < f{p) and n{p,ai) < 63 < 0 
whereas the condition d) is equivalent to 

g) ai < 1 and n{p,ai) < < l{p,ai) for n{p,ai) < l{p,ai). 

Since for p > 0 one has 

p2g2p _ ^ Q ^ 

the relation n{p,ai) < l{p,ai) holds if and only if h{p) < ai. Using this 
inequality and h{p) < 1 the condition g) is equivalent to 

h) h{p) < ai < 1 and n{p,ai) < 63 < l{p,ai). 

Thus for p > 0 and 63 < 0 there exists a differentiable Bol loop, which is 
realized on the factor space if and only if ai, 03, 63 satisfy 

one of the systems of inequalities e), f) or h) and the condition ( 6 ). 

For the parameters (iv) the case (III) is equivalent to the following system 
of inequalities 

p > 0, 63 > 0, aibs < as- 63, 

03 > 0, (7) bs>n{p,ai), 

^ _ eP{l + p){bsai - bs) + eP{ 2 ai - 2) - 63 - &3Q1 
“ eP{l +p)-l 

Using (( 5 ) the condition (a) may be replaced by the condition 
{a') 1 < oi, 0 < 63 < m{p,ai) and p > 0. 

Furthermore, the condition (/ 3 ) is satished if and only if 
(/?') sbs > £k{p,ai) and eoi > £f{p) 

with s G { 1 ,- 1 } holds. Since p > 0 the conditions (a') and (/?') give for 
e = 1 

3 -) f{p) < 0 < 63 < m{p,ai) 

and for e = — 1 

b) 1 < oi < f{p) and 0 < 63 < k{p,ai). 

Now we deal with the property (7). Using the inequalities (C) and (D) one 
sees that the inequalities in b) satisfy (7) and that the condition a) holds if 
and only if one of the following cases is true: 

c) f{p)<ai<g{p) and 0<b3<m{p,ai) 

d) g{p) < oi and n{p,ai) < 63 < m{p,ai) if n(p, oi) < m{p,ai). 

Since (1 +p){eP — 1 )^ —p^e^ > 0 for p > 0 the condition n(p, oi) < m{p,ai) 


(a) 

m 
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is equivalent to ai < v{p). Moreover, for p > 0 one has g{p) < v{p) and the 
condition d) is satisfied if and only if 

e) g{p)<ai<v{p) and n(p, oi) < 63 < m(p, ai). 

Hence for p > 0 and 63 > 0 there exists a differentiable Bol loop L having 
as the group topologically generated by the left translations and the 
subgroup Ha^ a3,i,b3 as the stabilizer of e G L in if and only if the 

parameters ai, 03, 63 satisfy one of the conditions b), c) or e) and (( 5 ). 

For the parameters (v) we have n'{p) = 0 if and only if 

p = 0 and ^ = 63 + 2 or 03 = 63(^63 +63 + 2) if p G M\{0}. 

03 

Hence n{p) > 0 if and only if one of the following cases holds true: 

1) 63 > 0, 03 = 63(63 + 2), oi = - 1 if p = 0 

and 

2 ) 63(p + 1 — e^) + 2 > 0 for p G M\{ 0 }. 

For the parameters in 1 ) there is a differentiable Bol loop L having G|(^^ 
as the group topologically generated by its left translations and the group 
Hai,a3,i,b3 as the stabilizer in 

The case 2 ) is equivalent to the following system of inequalities 
(a) 63 > 0, 63 (p +1 - eP) + 2 > 0, (/?) 03 > 0, 03 = 63(p63 + 63 + 2). 

Because of p +1 — < 0 for all p G M\{ 0 } the condition (a) may be replaced 

by 

(a') 0 < 63 < 

The condition (/ 3 ) is satisfied if and only if one of the following holds: 


(/?') 

2 

p > 1 and 63 > , 

p + 1 

(/?") 

p = — 1 and 63 + 0 

(/?'") 

2 

p < — 1 and 63 <- 

p+1 




Comparing the conditions {a') and (/?') respectively (a') and (/ 3 ") we obtain 
that for p > -1 one has 0 < 63 < Since for 

all p < —1 holds {a') and {( 3 '") reduces to 0 < 63 < — ■ Hence for 

p G IK\{ 0 } there exists a differentiable Bol loop realized on the factor space 
03,1,63 if and only if 

0 < 63 <- —^03 = 63(p63+ 63+ 2), oi = ^ - 1. 

p+ 1 - eP 63 

For the parameters (vi) we have n"(x) = — 2 e^a^b'^^ > 0 for all x G M. 
Hence the function n'{x) = —26^036^^+263 is strongly monotone increasing. 
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Thus n'{x) = 0 is satisfied only for p = ln{b^a^ and n{p) > 0 if and only if 

V «3 / 03 

This condition is necessary and sufficient that a group -ffai,a 3 ,i,fe 3 with pa¬ 
rameters in (vi) is the stabilizer of a differentiable Bol loop realized on the 
factor spaces G^^/ffa^^a 3 ,i,b 3 - 

From the above discussion we obtain the main part of the following 

Theorem 7. Let L be a 3-dimensional connected differentiable Bol loop 
corresponding to a solvable Lie triple system which is the direct product of 
its centre and a non-abelian 2-dimensional Lie triple system. If the group G 
topologically generated by the left translations of L is at least b-dimensional 
then G is the b-dimensional solvable Lie group defined by: 

{xi,X 2 ,X‘i,Xi,xff) * (yi,y2,y3,y4,y5) = {vi -h Xi cosh ^2 + 2 : 4 sinhy 2 , 

2/2 + a:^2,y3 + xz,yi + xismhy^ + xa cosh 1 / 2 ,2/5 + x^ + X 2 yff. 


Let 

(a) = {{la -\- k, 0, 0, 1, k); l,k £ M}, —1 < a < 1, 

(b) -ffai,a 3 ,o = + k, 0 ,la 3 ,l, k); l,k G M}, 03 > 0 , such that either 

ai = l or az< and ai = ^{pas -\-2-\- - ^) with p G M\{0}. 

(c) = {{lai + k, 0, las + kbs, I, k); /, A: G M} such that for the real 
parameters 01,03,63 one of the following conditions is satisfied: 

(a) 63 < 0, 6| < 03, oi = 63 1, 

{/ 3 ) 63 > 0, 6| -h 263 < 03, oi = 63 -h 1, 

(7) h < 0 , 03 > 0 , oi = 0363 ^ -h 1, 63(10 ^- l ) + 2 + ^> 0 . 

Any subgroup in (a), (b) and (c) is the stabilizer of the identity e of L 

in G. No loop having the stabilizer of e in (a) is isotopic to a loop having 
the stabilizer in (b). Moreover, the loops La and Li, corresponding to the 
stabilizers Hapfi respectively FAb,o,o are isomorphic if and only ifb = ±0. The 
loops Ti,a3,o and Li a',^ 0 corresponding to the stabilizers respectively 

'^n (b) are isotopic precisely if a^ = 03 . No loop having the stabilizer 
of e in (c) is isotopic to a loop with the stabilizer of e in (a) as well as to a 
loop Li^a^fl- There are infinitely many non-isotopic loops having stabilizers 
in (c). 

Denote by f{p), g{p), h{p), k{p,ai), l{p,ai), n{p,ai), m{p,ai) and v{p) 
the following functions of the real variables p and oi; 

1-|-e^(l-|-p) -|-2^6^^ — 1 2pe^’-|-1 

“ -1 + eP{l+py ~ {eP - 1)2 ’ ~ p2g2p _ g2p 2eP - 1 ’ 
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k{p,ai) 

n{p,ai) 


eP{2-2ai) _ 

eP{l+p){ai-l)- (1 + ai)’ 
ai{eP— 1 )^— e^P— 2peP+ 1 

p2gp ’ 


l{p, ai) 
v{p) = ■ 


= eP{ai-l), m{p,ai) = - 
(1 + p){e^P + 2peP — 1) — p^ 


oi —1 

l+p 

eP 


(l+p) (e2p - 2eP + 1) - p‘^eP ' 


If a loop L has a stabilizer H of e not contained in (a), (b) or (c) then 
H = Ha^^a3,b3 = {{IcLi + k, 0 , lo^ + kb^J, k); /, A: G M} and there exists either 
a real number p < 0 such that one of the following conditions is satisfied: 


(i) f{p) < ai < 1, k{p,ai) < 63 < 0, 

(ii) g{p) <ai< f{p), l{p, ai) < 63 < 0, 

(iii) h{p) <ai< g{p), l{p, ai) < 63 < n{p, ai), 

(iv) p < -1, g{p) <ai< f{p), 0 < 63 < mm{k{p, ai),m{p, ai),n{p, ai)} 

(v) p = -l, g{-l)<ai<-l, 0 < 63 < min{A:(-l,ai),n(-l,ai)}, 

(vi) - 1 <p < 0, g{p) <ai< f{p), 0 < 63 < mm{k{p,ai),n{p,ai)}, 

(vii) p<-l, f{p)<ai<l, 0 < bs < m.m{k{p,ai),n{p,ai)}, 

(viii) p = -l, g{-l)<ai<l, 0 < 63 < n(-l, oi), 

(ix) - 1 < p < 0, f{p) < ai < 1, 0 < 63 < n{p, oi), 

(x) -1 <p< 0 , 1 < ai < v{p), m{p, ai) < 63 < n{p, oi), 


(xi) 0 < 63 < — 


p + l-eP’ 


or there exists a real number p > 0 such that one of the following conditions 
holds: 


(xii) 

(xiii) 

(xiv) 

(xv) 

(xvi) 
(xvii) 

(xviii) 


f{p) <ai < g{p), max{/c(p,ai),n(p,ai)} < 63 < 0, 
1 < oi < f{p), n{p, ai) < 63 < 0, 
h{p) <ai < 1 , n{p,ai) < 63 < l{p,ai), 

1 <ai < f{p), 0 < 63 < k{p,ai), 

f{p) <ai< g{p), 0 < 63 < m(p,ai), 

g{p) <ai < v{p), n{p,ai) < 63 < m{p,ai), 


Moreover, one has 03 = hai cases (i) 

till (x) and (xii) till (xvii), whereas 03 = b3{pb3 + 63 + 2) and ai = ^ — 1 
holds true in the cases (xi) and (xviii). 

There are infinitely many non-isotopic loops L having stabilizers 
such that the parameters ai, 03 and 63 satisfy one of the conditions (i) till 
(xviii). 
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No loop for which the parameters ai, as and 63 satisfy one of (i) till 
(xviii) is isotopic to a loop corresponding to a stabilizer contained in (a). 
Moreover, no loop for which the parameters ai, 03 and 63 satisfy one of the 
conditions (i) till (iii), (x) and (xii) till (xviii) is isotopic to a loop having as 

stabilizer of{h). 

Proof. It remains to prove the assertions concerning the isotopisms between 
loops having G as the group topologically generated by the left translations. 

The loops Tai,a3,63 and 6^ corresponding to the pairs {G, 

and (G, are isotopic if there exists an element gGG such that 

g~^ha^,a3,b3g = where hai,a3,b3 is the Lie algebra of the stabilizer 

Hai,a3,b3- The group G is the semidirect product of the 4 -dimensional nor¬ 
mal abelian subgroups 

{(xi, 0, X3,0:4, X5); xi,X3,X4,X5 G M} by the 1-dimensional subgroup 
{( 0 , X2, 0 , 0 , 0 ); X2 G K}. Hence hai,a3,fe3 and h„'are conjugate if and 
only if they are conjugate under an element (0,X2, 0 , 0 , 0 ) G G. This is the 
case if and only if there exists X2 G K such that the following system (I) of 
equations 

-03-1- (0403 + 63 — aib '^ a ' i ) sinhx2 + (03 -|- 0463 — 0463) coshx2 = 0 (1) 

(03 — 0463) sinhx2 — &3 + ^3 coshx2 = 0 (2) 

(04 — a'l + 03X2 — 0463X2 + 0463X2) coshx2 

-|- (1 — aia'i + 0304X2 + 63X2 — 040463X2) sinhx2 = 0 ( 3 ) 

(1 -|- 63X2) coshx2 - 1 - 1 - (03X2 — 04 — 0463X2) sinhx2 = 0 ( 4 ) 

has a solution. From the equation ( 2 ) we obtain that for sinhx2 7^ 0 

, bs — b'^ cosh X2 + a'^63 sinh X2 
^ sinh X2 

Putting this expression into the equations ( 1 ), ( 3 ) and ( 4 ) one obtains 

63 = —03 sinhx2 — 0463 sinhx2 — 63 cosh X2 (1’) 

(04 — 04) coshx2 sinhx2 + 0263X2 sinhx2 — 1 + 0404 

+ X263 coshx2 + (1 — a4a))(cosh X2)^ — X263 = 0 ( 3 ’) 

- 1 - 1 - coshx2 — a'l sinhx2 + X263 = 0 . ( 4 ’) 

The equation ( 4 ’) yields for sinhx2 / 0 that 

, _ cosh X 2 + X263 - 1 
^ sinh X2 

Using this expression for a'l the equation ( 3 ’) reduces to 

— 1 -b coshx2 — X263 -b 04 sinhx2 = 0 . ( 3 ”) 


27 



If we substitute for 63 from the equation (!’) in ( 3 ”) we see that the system 
(I) is solvable if and only if X2 is the solution of the equation 

(ai63X - osx - ai)(e^* - 1) - - 1)^ + hxie^"^ + 1) = 0, (i) 

the parameters 63 respectively a'l satisfies ( 1 ’) respectively ( 4 ’) and 03 = 03 
holds. 

The condition 03 = 03 yields the following claims: 

No loop with stabilizer in (a) can be isotopic to a loop having the stabilizer 
of e not in (a). 

The loops Ti.as.o and g are not isotopic if 03 / a'^. 

The loops having the stabilizers f, and with b,b' < 0 

and b ^ b' are not isotopic. 

Among the loops having the stabilizers such that the parameters 

ni) ^3) satisfy one of the conditions (i) till (xviii) there are infinitely 
many corresponding to different values of 03. Hence there are infinitely 
many isotopism classes of such loops. 

For 63 = 03 = 0 and 0 < ai < 1 the equation (i) reduces to 

(e"-l)[(l + e")ai + (e"-l)] =0. 

The solutions of this equation are X2 = 0 and X2 = In . Therefore the 
loop La^ with the stabilizer F^ai,o,o in (a) is isotopic to the loop having 
the stabilizer H-ai,o,o- Since the automorphism a of the Lie algebra g of G 
given by 

a(ei) = -ei, 0(65) = -65, a{ei) = e*, i = 2 , 3,4 

leaves the subspace m invariant and changes the Lie algebra haj^g^o to 
h-ai,o,o the loops La^ and L_ai are already isomorphic. 

For 63 = 0 , ai = 1 and 03 > 0 the equation (i) reduces to 

(e- - l)[(l + e")(xa3 + 1) + (e" - 1)] = 0. (ii) 

We consider the function 

f{y) = (1 + ey){ya3 + 1) + (e^ - 1), where 03 > 0. 

For the derivations of f{y) one has 

f'{y) = e^iyas + 03 + 2) + 03, 

f'{y) = e'^iyas + 2 a 3 + 2 ), 
f'"{y) = e'^iyas + 303 + 2). 

Since f''{y) = 0 only for p = — 2 — ^ holds and > 0 , the function 

f'{y) assumes in p its unique minimum. The function f{y) is monotone 
increasing since f'{p) = 03(1 — e^) > 0 . We have hniy^oofiy) = 00 and 
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limj^_s._oo f{y) = —oo. Hence there is only one value u for which f{u) = 0 . 
Since f{y) >0 for all y > 0 we obtain that rt < 0 and thus the equation (ii) 
has precisely two solutions X2 = 0 and X2 = u. The unique loop isotopic to 
the loop Ti,a3,o corresponds to the stabilizer the parameters a'^, 03, 

63 of which satisfy 


^3 = «3 > 0 , a'l = 


- 1 


< 0, 6', = 


03(1 - 
2e“ 


> 0. 


But for such parameters none of the conditions (a), (/?), (7) in (c) and none 
of the conditions (i) till (iii), (x) and (xii) till (xviii) is satisfied. □ 


5.3 Bol loops corresponding to a Lie triple system which is 
a non-split extension of its centre 

Now we treat the Lie triple systems described in the case 2 c in Section 3 . 

Lemma 8. The universal Lie algebras of the Lie triple systems m=*= = 

(61,62,63) of type 2 c coincide with the standard enveloping Lie algebras 
given in 2 c. 

Proof. Since for g^ one has m^ n [m^, m^] = 0 we may assume that m^ = 

(61,62,63) and that a basis of [m^, m^] consists of 64 := [62, 63], 65 := [ci, 63] 
and 66 := [61,62]. Using the Lie triple system relations given in 2 c we have 
the following multiplication: 

[62,63] =64, [64,621=61, [64,63] =±62, [61,63] =65, [61,62] =66 

and the other products are zero. Moreover, one has 

[[62,631,64] + [[63,641,62] + [[64,621,63] = 65 
[[64,631,61] + [[63,611,64] + [[61,641,63] = 

Hence the Jacobi identity is satisfied if and only if [61,63] = [61,62] = 0 . 
From this the assertion follows. □ 

The Lie groups and G(_) corresponding to the Lie algebras g*^^ or g*_^ 
respectively, are the semidirect products of the 1 -dimensional Lie group 

' /I 0 0 0\ 

„ 0 cos t sin t 0 

CJ \ 

I 0 6 sint cost 0 ’ 

Ao 0 0 1/ 

and the 3 -dimensional nilpotent Lie group 


✓ 

0 0 "i^ 

-X2 

1 

0 

X4 

0 

1 

Xl\ 

X4 

X2 

, xi, X2, X4 G M 


Vo 

0 

0 

A 
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where the triple (cost, sint, e) denotes (cosht,sinht, 1) in case G(+) and 
(cost, sint, —1) in case G(-). 

Denoting the elements of ^(i) by g(t, xi, X2, X4) we see that the multiplica¬ 
tion in G(j-) is given by 

ff(ti,xi,X 2 ,X 4 ) • 5(^2,yi,y 2 ,2/4) 

= g{ti + t2,xi +yi + eyi{x2 cos t2 - 6X4 sin t2) - ey 2 {x 4 , cost2 - X2 sint2), 
y2 + X2 cost2 - ex4 sin t2,2/4 - X2 sint2 -|- X4 cost2). 

A 1 -dimensional subalgebra h of which complements m = (61,62,63), 
can be written as: 


h = (64 -|- 061 -|- j 3 e 2 + 763) with a,l 3 ,^ ^ M. 

Any automorphism a of leaving m = (61,62,63) invariant is given by 

a(ei) = ±a^6i, 0(62) = =teocei-|-ae2, 0(63) = 66i-|-ce2±63, 0(64) = ±064, 

where a E M\{ 0 }, 5 , c E M, e = 1 in the case g*_|_^ and e = — 1 for g(_)- 
Using suitable automorphisms of this form we can reduce h to one of the 
following: 


hi = (64), h2 = (64-^63), hs^j^ = (64-h 2/e2),2t > 0, h4 = (64-^61). 

The exponential image of the subspace m has the shape 


exp m = exp{n6i -|- ke2 + tes, t,n,k ^ M} 

= |s'(t, ^ -sint, — sint, ~ ^))) t,n,k 

(cf. [ 3 ] p. 11 and p. 12 ) if we identify m with the subspace generated by 



/ 


0 

0 

0\ 



-k 

0 

n\ 

\ 

/ 


0 

0 

t 

0 


0 

0 

0 

0 


\ 


0 

et 

0 

0 


0 

0 

0 

k 



V 

Vo 

0 

0 

oy 


Vo 

0 

0 

0 ) 
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First we investigate the group G(-)- The element 5r(^, 0 , 1 , 0 ) E (-?(-) con¬ 
jugates exp 64 E Hi to exp(— 2 ei) E expm and exp(64 -|- ei) E to 

exp(—62 — 61) E exp m. Moreover, exp 71(64 + 63) E H2 is conjugate to 
exp 7r(6i -|- 63) E exp m under <7(0, 0 , — 1 , 0 ) E G'(-) and exp(e4 -|- 7/62) E 
is for all y E K\{ 0 } conjugate to exp[(sinarcctgy)“^e2] E expm under 
g'(— arcctgy, 0 , 0 , 0 ) E G(-)- Hence there is no 3 -dimensional differentiable 
Bol loop L such that the group topologically generated by its left transla¬ 
tions is the Lie group (?(_) (cf. Lemma 1 ). 
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Finally we deal with the group G(+). The element exp(e4 + 63) G H2 is 
conjugate to exp(e3 — ei) of expm under 51(0, 0 , 1 , 0 ) G G'(+)- The element 
exp/(e4 + 1/62) G with I = — sinh(iln|^) is conjugate to exp62 G 
expm under In 0 , 0 , O) G (?(+) for all y > 1 . Therefore we may 
suppose that the stabilizer of the identity of a Bol loop L is either the Lie 
group Hi or H/i or H^^y, where 0 < y < 1. 

Each element g G (?(+) can be represented uniquely as a product g = mh, 
where m G expm and h is an element of Hi, H4 or H^^y with 0 < y < 1 
respectively, if and only if for given ti,xi,X2,X4 G M the equation 


/ /v /v \ 

y(fi, xi, X2, X4) = g(t,n -\ -^ sinht, — sinht, —(1 — cosht) j • h 

\ t i t t / 


is uniquely solvable for 


h = y( 0 , 0 , 0 , a) G Hi, h = y( 0 , a, 0 , a) G H4, and h = y( 0 , 0 , ly, 1 ) G H^^y. 


In the case of Hi the unique solution is given by: 


t := ti, k := — 

± 7 Cl 


X 2 


a := X4 


X2(l — coshti) 


sinht 


1 


sinhti 
ti 

Xofl—coshti) Xofti — sinhti) 

n ;= xi - X4X2 H- r-r- -m-• 

sinhti smh ti 

In the case of H/i we obtain as unique solution 


X 2 


t . ti, k . ® ■ ^4 

n ;= xi - (1 + X2) I X4 


X2(l — coshti) 


sinhti 

ti 


sinht 


1 


X2(l — coshti) 


sinht 


1 


x^ti — sinhti) 
sinh^ ti 


Moreover, in the case of H^^y for y G ( 0 , 1 ] the unique solution is given as 
follows; 

For ti = 0 we have t = 0 , / = X4, k = X2 — x^y, n = xi — X4(x2 — yx/i), 
whereas for ti 7^ 0 we obtain 


t = ti,l = 


X4 sinh ti + X2 cosh ti — X2 


k = 


(X2 - yx4)ti 


n = xi + 


sinh ti — y + y cosh ti sinh ti — y + y cosh ti 

(sinhti — ti)(x2 — yx4)^ (x4 sinhti + X2 coshti — X2)(x2 — yx^) 


(sinhti — y + ycoshti)^ 


(sinhti — y + y coshti) 


It follows that the group ^(4-) is the group topologically generated by the left 
translations of infinitely many non-isomorphic differentiable 3 -dimensional 
Bol loops L. Every such loop L has a normal subgroup N = exp{Aei, A G 
M} = {y( 0 , A, 0 , 0 ), A G M} isomorphic to M and the factor loop L/N is 
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isomorphic to a loop with a < —1 defined in Theorem 23.1 of | 15 | and 
thus isotopic to the pseudo-euclidean plane loop. Hence L is an extension 
of the group M by a loop La. 

The loop Li having Hi as the stabilizer of e E Li in is a Bruck 
loop. The loop L2 which is realized on the factor space G/H^ is a left A- 
loop. The stabilizer Hi is conjugate to H^ under g'( 0 , 0 ,—^, 0 ) E G(+) and 
to H^^y under 5(artanh(—y), 0 , y, 1 ) E (!?(+) with y E ( 0 , 1 ). Hence the loops 
corresponding to these stabilizers are isotopic. In contrast to this the loop 
corresponding to H^^i = {y( 0 , 0 , 1,1)] I E M} does not belong to the isotopism 
class of Li. 

These considerations yield the following 

Theorem 9. If L is a 3 -dimensional connected differentiable Bol loop eor- 
responding to a Lie triple system, whieh is a non-split extension of its centre 
and a 2 -dimensional non-abelian Lie triple system, then the group G topo- 
logieally generated by the left translations of L is the semidirect produet of 
the normal group M and the 3 -dimensional non-abelian nilpotent Lie group 
sueh that the multiplication of G is given by 

g{ti,xi,x2,XA) • g{t2,yi,y2,yi) 

= g{ti + t2,xi + yi + y4(x2Cosht2 - X4sinht2) - y2(x4Cosht2 - X2sinhf2), 
y2 + X2Cosht2 — X4sinht2,y4 — a:2sinht2 + a:4Cosht2). 

All loops L are extensions of the Lie group M. by a loop La described in 
Theorem 23.1 of m and form precisely two isotopism classes Ci, C2. 

All loops in Cl are isomorphie and may he represented by the loop L 
whieh has the group H = {y( 0 , 0 , 1 , 1 )] / E M} as the stabilizer of its identity 
in G. 

The class C2 contains (up to isomorphisms) a Bruck loop Li corre¬ 
sponding to Hi = {y( 0 , 0 , 0 , a), a E M}, a left A-loop L2 corresponding 
to H2 = {y( 0 , a, 0 , a), a E M} and the loops Ly with y E ( 0 , 1 ) corresponding 
to the groups Hy = {y( 0 , 0 , ly, 1), 1 E M} as the stabilizers of the identity. 

6 Bol loops corresponding to the Lie triple system 
having trivial centre 

Now we deal with the case 3 in Section 3 . 

Lemma 10. The universal Lie algebra of the Lie triple system m = 
(61,62,63) of type 3 is the standard enveloping Lie algebra g* charaeterized 
in 3 of Section 3 . 

Proof. Because of m^n [m^, m^] = 0 we may assume that m^ = (ci, 62,63) 
and take for a basis of [m^,m^] the vectors 64 := [62,63], 65 := [61,63] and 
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^6 := [ei,e2]. The relations of the Lie triple system of type 3 yield the 
following multiplication: 


[62,63]—64, [64,63]—ei, [61,63] —65, [61,62] —66, 

whereas the other products are zero. For 62, 63, 64 one has 

[[62,631,64] + [[63,641,62] + [[64,621,63] = 66 

and the Jacobi identity is satisfied if and only if [61,62] = 0 . This is the 
assertion. □ 

The mapping fi 

/3(6i) = ^V^6l - ^^264 - ^^262 + ^^265, 

/?(62) = ~ 2^^^’ 

/^(63) = ^\/2e3, / 3 (e 4 ) = 61 + 64, /3(65) =-62 - 65 

yields an isomorphism of g* onto the Lie algebra g defined by the following 
non-trivial products: 

[61,63] = 61—62, [62,63] = 61+62, [64,63] = —64+65, [65,63] = —65—64. 

(We remark, that g is isomorphic to the Lie algebra 55^7 for s = — 1 , q = — 1 , 
p = 1 in [ 13 ] (p. 105 )). The elements X6i + 2/62 + ze^, + ue^ + U65 of g can 
be identify with the matrices 

/O y X 0 0 

0 z z 0 0 

0 -z z 0 0 

0 0 0 0 u 

0 0 0 0 -z 

Vo 0 0 0 z 

Then the multiplication in G is determined by 

c/(ai, 61, Cl, di, fi)g{a 2 ,b 2 ,C 2 , ^2, /2) 

= 9(0-2 + bie^^ sin62 + ai6'^^ cos 62, 62 + 61 cos 62 — aic'^^ sin62, 

Cl + 62,^2 - sin 62 + dlC”'^^ cos 62, ^2 + /l6“'^^ COS 62 + sin62). 

The isomorphism (3 maps the Lie triple system (ei, 62,63) onto the Lie triple 
system m = (ei — 64, 62 — 65,63) and one has 

exp m = exp{n(ei — 64) + m(e2 — 65) + 563; n, m, s G M} 


0 \ 
0 
0 
u 

—z 

-zj 


; x,y,z,u,ve 
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where bi G M, leave the subspace m invariant. If 62 7^ 04 then a maps 
ha 2 ,a 4 ,b 2 OllfO 

ha,6 = (es + aei + be^, 62) with a, 6 G K 
and if 62 = ^4 then a reduces ^a2,aA,b2 to 

ha = {ga + flci, 62) with a G M. 

For &i / ^ the automorphism /3 maps to whereas for bi = -^ 

the subalgebras h.a^^aA,bi reduce to ha- Since ha,fenm is not trivial if a = —6 
we may assume that for f, one has a 7^ —b. 

For ai = 02 = 61 = 62 = 0 the subalgebra ho,0,0,0 = (65,64) is an ideal of 
g. Therefore we suppose that in hai,a2,bi,b2 '^ot all parameters 01,02,61,62 
are 0 . Moreover, (o2 + l)(l + 6i) —0162 / 0 , since otherwise hai,a2,bi,b2 / 
0 . 

The Lie groups corresponding to the Lie algebras ha, ha,?,, hai,a2,bi,b2 
have the forms 


a) iLa = exp ha = {(/(fco, Z, 0 , A:, 0 ); A:, ZgK}, oGM 
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b) Ha^b = ^^P^a,b = {g{ka,l,0,kb,k)] k,lGW}, a,6GM, a/6 

c) klai,a2,bi,b2 ~ expha^^a2,fei,fe2 = {aikai + lbi,ka2 + lb2,0,l,k); k,l G 


where (02 + 1)(1 + 61) — 0162 / 0 and not all oi, 02, 61, 62 are equal 0. 
Each element of G has a unique decomposition as 

g{xi,X2,X3,X4,X5) = 5(1/1,0,y2,0,y3)5((/ca,/,0,/c,0) in the case a) 
g{xi,X2,X3,X4,X5) = g{yi,0,y2,y3,0)g{ka,l,0,kb,k) in the case b) 
g{xi,X 2 ,X 3 ,X 4 ,X 5 ) = g{yi,y 3 ,y 2 , 0 , 0 )g{kai + lbi,ka 2 + lb 2 , 0 ,l,k)]l,k G M} 
in the case c). 

A differentiable Bol loop L exists precisely if in the case a) every element 
5(51,0,52,0,53), in the case b) every element 5(51,0,52,2/3,0) and in the case 
c) every element 5(51,53,52, 0 , 0 ), G M, i = 1 , 2 , 3 , can be written uniquely 
as a product g = mh or equivalently m = gh~^, where m G expm and h 
is a suitable element of the stabilizer Ha, Ha^b or ^ai,02,61,62 respectively. 
This happens if and only if for given 51,52,53 £ 1 ^ the following system of 
equations 


s = 52 , A = 


u(e^ cos s — 1) + ve^ sin s 


2s 


B = 


C = 


u{e ^coss —1) —ue ^sins 
Ys ’ 


v{e^ cos s — 1) — ue^ sin s 
Ys ’ 

^ i;(e“^ cos s — 1) + sin s 

~ Ys ’ ^ ’ 


with A = yi — ka, B = —I, C = —k, D = 53 in the case a), 
with A = yi — ka, B = —I, C = y3 — kb, D = —k in the case b) and 
A = 5i — kai — Ibi, B = 53 — ka2 — lb2, C = —I, D = —k, in the case c) 
has a unique solution {u, v, s, k, 1 ) G 
Assuming 52 / 0 and putting 


mil = cos 52 — 1 — a(e cos 52 — 1), 
77112 = sin 52 + ae~'^'^ sin 52, 

in the case a). 


77721 = e sin 52 , 

m22 = cos 52-1 


mil = cos 52 — 1 + ae sin 52, mi2 = sin 52 — a(e cos 52 — 1), 
m2i = cos 52 — 1 — sin 52, m22 = —6“^^ sin 52 — cos 52 — 1) 

in the case b) and 

mil = cos 52 + 1 — aie“^^ sin52 — bi{e~^^ cos52 — 1 ), 
mi2 = sin52 — ai(e“^^ cos52 — 1 ) + bie~^^ sin52, 
m2i = sin 52 - 026“^^ sin 52 - 62(6“^^ cos 52 - 1), 
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w-22 = cos 2/2 + 1 - 02 (e cos 2/2 - 1) + 626 sin 2/2 

in the case c), we see that the system (I) yields the following system of linear 
equations 

miiu + mi 2 f = 22/12/2 

m2iu + m22V = 22/22/3- (H) 

If 2/1 = 2/3 = 0 and det (mjj) = 0 i,j G { 1 , 2 } then the system (II) has 
infinitely many solutions. 

The condition det {rriij) = 0 holds if and only if in the case a) the function 
f{x) = —(e^ + e“^)cosx — a(e“^* — 2e“*cosx + 1) + 2cos^x, 
in the case b) the function 

g{x) = (2ae“^* — 2 b) cos^ x — (2 + 2 abe~‘^^) cos x sin x + be^ cos x 
+ (6 — 2 a)e~^ cos x + sin x + { 2 ab + l)e“* sin x + a — 

and in the case c) the function 

h{x) = + e“^*(6ia2 — 0162) + + e~^) sinx(ai — 62) 

+ cos x(a2 + 61 — 2) + e~^ cos x(2ai62 — 20261 + 61 + 02) 

+ I + (262 — 2 ai) sinX cos x — ( 26 i + 202) cos^ x + 6102 — 6201 

assumes the value 0. 

If A: = maxjlOO, 2 |a|} then for x = 27 r/c and y = tt + 2 Trk we obtain that 
/(x) < 0 and f{y) > 0 . Hence in the open interval ( 27 rk,TT + 27 rk) there is 
a value 2/2 such that /(2/2) = 0. 

For Pi = ^ + 2 'Kk and P2 = ^ + 27 rA; with k = maxjlOO, 2 |a|, 4 |a 6 |} one 
has g{pi) > 0 and g{p2) < 0 . Hence the open interval + 27 rk, ^ + 2 TTk) 
contains a value 2/2 such that g{y2) = 0. 

Therefore there is no 3 -dimensional differentiable Bol loop L such that 
the group topologically generated by its left translations is the group G and 
the stabilizer of e G L in G is a subgroup Ha or Harb¬ 
in the case c) one has 

a) lima,^+oo h{x) = -hoo, 

b) lima,^_oo h{x) = —00 if 6102 — 0162 < 0 

c) lim2;_>._oo h{x) = 00 if 6102 — 0162 > 0. 

The first and second derivative of h{x) are 

h'{x) = 2 e^^ + (ai - 62)[(e^ — e~^) sinx -|- (e* -|- e~^) cosx] 
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+ (a2 + 6i — 2) (e^ cos x — sin x) — 2e“^* (6i02 — ai&2) 

— (61 + 02 — 20261 + 20162) (e“^ cosx + e“* sinx) 

+ (262 — 2 oi)(cos^ X — sin^ x) + 4 cosxsinx( 6 i + 02) 


and 

/i''(x) = + 4e“^*(6i02 — 0162) + 2(ai — 62)(e^ — e~^) cosx 

+ 2(61 + 02 — 20261 + 20162)6“* sin X — 2(02 + 61 — 2)e* sin x 
+ 4(61 + a2)(cos^ X — sin^ x) — 8(62 — oi) cos x sinx. 

One obtains h{0) = h'{0) = 0 and h"{0) = 4 + 4(6i + 02) + 4(0261 — 0162). 
Since /i"(0) 7^ 0 we have two possibilities: h"{0) < 0 or 6,"(0) > 0. The 
function h{x) has in 0 a maximum or a minimum according as h"{0) < 0 or 
/i"(0) > 0. Now from the properties a) and b) it follows that for h”{0) < 0 
and for 6."(0) > 0 with 6102 — 0162 < 0 there is a value p G M\{0} such that 
h{p) = 0. 

For 6102 — 0162 = 0 one has 

h{x) = 6^* + (e* + e“*) sin x(ai — 62) + e* cos x(o2 + 61 — 2) 

+ e“* cosx(6i + 02) + 1 + (262 — 2ai) sinx cosx — (26i + 202) cos^ x. 

First we assume that oi — 62 / 0 . Then we have eh{pi) > 0 and sh{p2) < 0 
if Pi = —(^ + 27 rk) and p2 = —(^ + ^nk), where k = maxjlOO, } 

and e = 1 if oi — 62 < 0 , whereas e = — 1 for oi — 62 > 0 . Hence in the open 
interval ( — ^ — 2 Trk, — f — 27 rA:) the function h assumes 0. 

For oi = 62 we obtain 

h{x) = 6^* + (61 + 02)(e* + e“*) cosx — 2e* cosx + 1 — (26i + 202) cos^ x. 

If Pi = —27rk and p 2 = —vr — 27r/c then we have eh{pi) > 0 and eh{p 2 ) < 
0, where k = max {100, } and e = lor6 = —1 according as 

61+02 > 0 or 61 + 02 < 0. Therefore the interval (—vr —27r/c, —2Tik) contains 
a value p G K\{0} such that h{p) = 0. 

It follows that a differentiable Bol loop L does not exist if the parameters 
oi, 02, 61, 62 satisfy either 

1 + 61 + 02 + 0261 - 0162 < 0 


or 


1 + 61 + 02 + 0261 — 0162 > 0 and 0261 — 0162 < 0 . 

For 2/2 = 0 = s the system (I) reduces to 

2/1 — A:oi — Ibi = n, 2/3 — ka2 — lb2 = m, I = n, k = m, with n,m G 


(III) 
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Since for the parameters oi, 02, 61, 62 one has (02 + 1)(1 + 61) — 0162 / 0 the 
system (III) has precisely one solution for all yi,y3 G K. Namely, if 61 7^ —1 
we obtain 

yi-mai ysi'^ + h) - fib2 

I = n = — - - —, k = m = - -—7--—-—, 

1 + 61 (02 + 1)(1 + 61) - 0162 

whereas for 61 = —1 one has 0162 7^ 0 and 

, yi , ysai - yia2 - yi 

k = m = —, I = n = - - -. 

CLl 020,1 

The above discussion yields the following 

Theorem 11 . If L is a 3 -dimensional connected differentiable Bol loop cor¬ 
responding to a Lie triple system which has trivial centre, then the group 
topologically generated by its left translations is the 5 -dimensional Lie group 
G the multiplication of which is given by 

g{ai,bi,ci,di,fi)g{a 2 ,b 2 ,C 2 ,d 2 ,f 2 ) 

= g{a 2 + sinc2 + COSC2, 62 + COSC2 — sinc2, 

Cl + C 2 ,d 2 - sinc2 + die~'^'^ cosc2,/2 + fie~^^ COSC2 + die~'^'^ sinc2). 

Moreover, the stabilizer of the identity of L in G is the subgroup 

f^ai,a2,bi,b2 = {gikai + lbi,ka2 + lb2, 0, l,k); k,l G M} 

such that the parameters 01,02,61,62 satisfy 

1 + 61 + 02 + 0261 — 0162 > 0 and 0261 — 0162 > 0 

and the function 

h{x) = + e“^^(6i02 — 0162) + (e* + e“*) sinx(ai — 62) 

+ e* cos x{a2 + 61 — 2) + cos x(2oi62 — 20261 + 61 + 02) 

+ 1 + (262 — 2oi) sinx cos x — ( 26 i + 202) cos^ x + 6102 — 6201 

is positive for all x G M\{0}. 

There are many differentiable 3 -dimensional Bol loops on the factor space 
G/Ha^^a2,bi,b2- instance choosing 01,02,61,62 G M such that oi = 62, 
02 = 2 — 61 and c = 6102 — 0162 = — (61 — 1)^ — 62 -|- 1 with | < c < 1 the 
function 

h{x) = e^^ + (2 - 2 c)e“'^ cos x + ce“^^ -h 1 + c - 4 cos^ x 

of Theorem 11 is positive for all x G M\{ 0 }. To prove this it is enough to 
show that the function 

k{x) = + (2 - 2 c)e“* cos x + + c - 3 
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is positive for all x G M\{ 0 }. The second derivative 

k''{x) = + 4 ce“^^ + 4(1 — c)e~^ sinx 


is positive if and only if 

4 e^* + 4 ce“^® - 4(1 - c)e~^ > 0 


or 

l{x) = + (c — l)e^ + c > 0 for all x G M. 

For the derivations of l{x) we obtain 

l'{x) = 4 e^^ + (c - l)e^, l''{x) = 16 e^^ + (c - l)e^ 

One has l'{p) = 0 if and only if p = | In For this value p the function 
l{x) takes its unique minimum since l''{p) = ® (3 — 3 c) > 0 . Because of 

I < c < 1 we get l{p) = c — 3 (^^) ® > c — |(1 — c) > 0 . It follows k''{x) > 0 
for all X G M and therefore k'{x) is a strictly monotone increasing function. 
Since A:^( 0 ) = 0 the value 0 is the unique minimum of k{x). Furthermore 
one has k{x) > 0 because of k{ 0 ) = 0 and lima;_^_oo k{x) = hma;_^+oo k{x) = 
+ 00 . 

Let La^^a2 be the Bol loop belonging to the triple (G, LIai,a2,2-a2,ai, exp m), 
where — f < — (^2 — 1 )^ — of < 0 . Among these loops only the loop Lo,i is a 
left A-loop. Since there is no element g G G such that 2-02,01 S' = 

bo'^,o^,2-o^,o'^ for two different pairs (01,02), (01,02) holds the loops ^01,02 
and La\,a2 isotopic. Therefore there are infinitely many non-isotopic 

Bol loops Tai,a2- 
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